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Summary. The numerator relationship matrix describes the genetic relationships between individuals of a popu-
lIation. Its inverse is used for the prediction of breeding values, as outlined by Henderson (1975a).

For large populations, the recursive method commonly used is difficult to apply because of the size of the
relationship matrix. Recently Henderson (1975b) derived a method which allows computing the inverse of the
numerator relationship matrix itself for a large number of animals, provided the population is non-inbred. The
method presented here is an extension of Henderson's method to allow for inbreeding with large number of ani-
mals. It takes inbreeding into account and computes the numerator relationship matrix as well as its inverse.
The method is particularly efficient in computer storage in that it allows handling of sets of animals larger than
5000 animals, and is almost as fast as the recursive method.

Introduction cursive method for computing the lower part of the A

matrix is to express each element aij as

The use of the numerator relationship matrix A and

its inverse matrix A~ in the prediction of breeding a) ST T 1/2 (apj + aqj) for i >j (1)
values by best linear unbiased prediction (BLUP) has
been described by Henderson (1975a). He presents a and
method of computing A~ which applies easily tolarge a

. . L . b) a.=1+—=2 fori=j (2)
populations when inbreeding is ignored. When inbreed- 11 2

ing is considered, the method is limited to small pop-

ulations because of the amount of storage required. where p and q are the parents of i. If p and/or q

. i . . -
The method presented in this paper computes the is unknown, the same formula is used with a 0

A and A_1 matrices for an inbred population one row and/or a'qj = 0. This method involves the search of

at a time so that the amount of storage needed is con- most of the coefficients previously computed in the

siderably reduced. With modern computers, this meth- matrix. However, each off-diagonal element of the A

od can handle populations in excess of 5000 animals matrix can be described as a linear function of previ-

instead of the 300 with preceding methods. ously computed diagonal elements.

In general neither p nor q is equal to j in the ex-
pression of aij given by (1). Thus the recursive re-
lation (1) can be re-applied to the terms a_. and a

pj qj
and the results substituted so that aij is expressed as

1. Computation of the numerator relationship matrix

The numerator relationship matrix A is symmetric the sum of four terms.

and as defined by Wright (1922). A well-known re- The terms involving unknown parents, if any, can

be eliminated since their value is known to be zero.
This back substitution using the recursive relation is

continued on all remaining terms which are not diag-
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At any intermediate stage in this process aij has

the general form:

a a
o okl Pmon  Prs
1] 2x 2y ZZ

Ultimately all terms used to express a.ij are diag~
onal elements corresponding to older animals than
animal i. In consequence only diagonal values need
be stored in order to build the A matrix.

This is shown clearly in the example.

Programming Strategy

For convenience computation is done a row at a time.
It begins by the row referring to the oldest animal
and ends with the row referring to the youngest one.
The values of the diagonal elements are progessively
stored in order of animal number. In each row all
terms to the left of the diagonal are computed as func-
tions of diagonal elements of previous rows, by re-
peated use of the preceding process. The diagonal ele-

ment itself is computed using relation (2), where a

coefficient is converted to a diagonal form, andstored.

Once all elements up to the diagonal have been com-
puted, the recursive relation (1) is applied directly
to the remaining elements in the rows, since the re-
quired components have been computed in the same
Tow.

When the computation of a row is complete, the
only element that needs be saved is the diagonal. This
reduces the required storage from one of order N2
for a population of size N to one that is a linear func-

tion of N.

II. Computation of an Intermediate Triangular Matrix

Henderson (1975b) derived a method for computing
the inverse of the numerator relationship matrix with-
out calculating the matrix.

If inbreeding is taken into account, the method is
limited in that large matrices have to be stored. This
limitation can be efficiently reduced by applying the
same strategy as that described above for computing
the numerator relationship matrix itself.

According to Henderson the A matrix can be writ-

ten as:
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A =1L

where L is a lower triangular matrix and L1 the
transpose of L.

Each element of the matrix L can be expressed as:

1.. =1/2(1_. +1 . f i>j
a) i / (p_]+ C{J) or i >j (3)

where p and q are the parents of i and lp
i>p, 1 ,=01if j>
}-p qi l1-Pp

j=0if

i-l

2
34 - Z L

k=1

for i=j (4)

where ay is the diagonal of the A matrix for animal
-1 2
i, Z lik is the sum of the squares of the off-diag-
k=1

onal terms of L for the row i.

Each off-diagonal element lij can be expressed as
the product of li' by a scalar. This is shown by using
relation (3) repeatedly on all non-zero off-diagonal
terms occurring in the expression of li"

It is thus possible to compute every off-diagonal
element of the matrix L when the previous diagonal

values of L have been stored (see example).

Programming Strategy

For each row of the L matrix:
a) the off-diagonal terms (first i-1 terms) are com-
puted from diagonal elements that were derived pre-
viously and saved;
b) the diagonal term is computed using the otherterms
of the same row and the diagonal element of the matrix
Al

This means that the matrix L can be computed a
row at a time, provided the diagonal of the A matrix

has been saved. This process is shown in the example.

111. Computation of the Inverse of the Relationship

Matrix

The solution of the L matrix leads quickly to the A"1

matrix. Again following Henderson's method:
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Let L = TD then

al-(rh! (o H2 (1)
D is a diagonal matrix with elements the same as the
diagonal elements of L.

T 1 is a lower triangular matrix with specific val-
ues so that in row i:
a) the diagonal is equal to 1;
b) all off-diagonal elements are null except those for
the parents of i which are equal to -1/2.

Let T™' = ft. .} and (D)2 = {1} then

ij si
-1 3 t .t

8jj = k:zm ki 'kj°k

where m = max(i,j) and N is the

total number of animals in the population.

Programming Strategy

Several strategies might be used to build the terms of
the A™! matrix. The following allows one:

a) to compute each term independently

b) to avoid computations involving zero terms.

A list is made for each animal that gives its num-
ber together with the identification numbers of its di-
rect offspring (sons and/or daughters). In order to
compute the term ai_j1 the lists for animal i and for
animal j are compared in the following manner. If
any element k of the list for animal i also exists in

the list for animal j, then the term t .t .s, is not

ki'kj"k
zero and contributes to the formation of a;j1 (either i
and j are parents of k, or one is k itself and the oth-
er a parent of k, or both are k). Further, this term

can only have one of the following three values:

sk/4 if k>i>j since t; = -1/2, tkj =-1/2
—sk/2 if k=1>j since t = 1, tk]. =-1/2
8 of k=i=j since tkiz 1, tka 1

Each term of the list i is compared in this manner to
each term of the list j. All non-zero terms occurring
in these comparisons are added to give a.l_J1 The pro-~

1 matrix in-

cess allows forming each term of the A~
dependently of other terms (see example) and com-
pletes the method for computing the inverse of the

numerator relationship matrix in the presence of in-

breeding.

IV. Computer Programs

Computer programs are available to compute the nu-
merator relationship matrix and its inverse by the
method described in this paper. They are devised spe-
cifically to take inbreeding into account. Four pro-
grams have been written depending onthe user 's needs
and the information available in the pedigree:
1) computation of the relationship matrix itself, and,
if desired, of its inverse;
2) same as (1) with maternal grand sires instead of
dams in the pedigree;
3) computation of the inverse matrix only (fast ver-
sion);
4) same as (3) with maternal grand sires instead of
dams in the pedigree.

These programs are almost as fast as those that
compute At
FORTRAN and have been tested to 5000 animals.

without inbreeding. They are written in

V. Example

Pedigree table for 7 animals

Individual Sire Dam
1 o#* o
2 o¥% 0*
3 1 o*
4 1 2
5 3 4
6 1 4
7 5 6

* Unknown parent

1. Computation of the numerator relationship matrix

Assume rows 1 to 5 have been computed previously

Elements 8115 8995 833 B4 Bgg have been saved.
An off-diagonal element in row 6 is derived from

the pedigree table by using relation (1) repeatedly,

as shown for element a65:

ags = 1/2(a15+a45)

1/4((a31+a41)+(a34+a44))

1/8((a11+a01)+(a01+a21)+(a13+a23) )+1/4a44

1/8(a11+a11)+1/16((a01+a01)+(a11+a01)+

(a12+a02) )+1/4a44

1/4a11+1/16a11+1/32(a01+a01 )+a44

5/16a11+1/4a44 = 9/16 = 0.5625
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Numerator relationship matrix A

1 2 3 4 5 6 7

1.00000 0.00000 0.50000 0.50000 0.50000 0.75000 0.62500
0.00000 1.00000 0.00000 0.50000 0.25000 0.25000 0.25000
0.50000  0.00000 1.00000 0.25000 0.62500 0.37500 0.50000
0.50000  0.50000  0.25000 1.00000 0.62500 0.75000 0.68750
0.50000 0.25000 0.62500 0.62500 1.12500 0.56250  0.84375
0.75000 0.25000 0.37500 0.75000 0.56250 1.25000  0.90625
0.62500 0.25000 0.50000 0.68750 0.84375 0.90625 1.28125

NO UL W

Triangular matrix L for computing A_1

1 2 3 4 5 6 7

1.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.000000 1.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.500000 0.000000 0.866025 0.000000 0.000000 0.000000 0.000000
0.500000 0.500000 0.000000 0.707107 0.000000 0.000000 0.000000
0.500000 0.250000 0.433013 0.353553 0.707107 0.000000 0.000000
0.750000 0.250000 0.000000 0.353553 0.000000 0.707107 0.000000
0.625000 0.250000 0.216506 0.353553 0.353553 0.353553 0.637378

NDULR WN =

The diagonal element of row 6 is derived by using The diagonal element is:

relation (2), then relation (1) repeatedly:

N 2 2 2 2
= 1+1/2 lss ‘Vass'(lsﬁ +(155) %+ (155) "+ (15 ,)® = 0.707
Bgp = 1*1/=814
1+1/2(ay +ay4)
1+1/4a“+1/8(ao1+a01)
1"1/4311 =5/4=1.250 3. Computation of the inverse of the numerator rela-

tionship matrix

Note that arc=o if r=0 or ¢c=0.
Progeny table

Animal Progeny
1 3,4, 6
2 4
2. Computation of the triangular matrix L 3 5
4 5, 6
‘When starting row 5, the diagonal elements of the g ;
matrix A have been saved as well as elements 111, 7 -

122, 133, 144 of the matrix L. The useful information

can be stored in a vector: (111, Lyoy Iaas Ly, Bges 1

For instance the computation of element a;é of AT

36° a'77)' would be:
The computation of an off-diagonal element is for

instance: list4=4,5,6
Iy = 1/2(131441) list3=3, 5
= 1/4(141*’101*111*121) The only element common to list 4 and list 3 is 5.

1 ) 2 _ .
0.5 Then a,, = t54t53d5 =1/4 (ds) = 0.5 since 5 >4 >3.

1/2 111+1/8(101+101) = (1/.2)111
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Inverse of the numerator relationship matrix A"1

1 2 3

4

]

6 7

1 2.333333 0.500000 -.666667
2 0.500000 1.500000 0.000000
3 -~.666667 0.000000 1.833333
4 -.500000 -1.000000 0.500000
5 0.000000 0.000000 -1.000000
6 ~1.000000 0.000000 0.000000
7 0.000000 0.000000 0.000000

-.500000
-1.000000
0.500000
3.000000
-1.000000
-1.000000
0.000000

0.000000
0.000000
-1.000000
-1.000000
2.615384
0.615384
-1.230767

-1.000000 0.000000
0.000000 0.000000
0.000000 0.000000

-1.000000 0.000000
0.615384 -1.230767
2.615384 -1.230767

-1.230677 2.461534
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