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S u m m a r y .  The n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  d e s c r i b e s  the  g en e t i c  r e l a t i o n s h i p s  b e tw een  i n d i v i d u a l s  of a popu-  
l a t i on .  I ts  i n v e r s e  is  u s e d  for  the  p r e d i c t i o n  of  b r e e d i n g  v a l u e s ,  as  ou t l i ned  by H e n d e r s o n  ( 1 9 7 5 a ) .  

F o r  l a r g e  popu l a t i ons ,  the  r e c u r s i v e  m e t h o d  c o m m o n l y  u s e d  is  d i f f icul t  to apply b e c a u s e  of t h e  s i z e  of  t he  
r e l a t i o n s h i p  m a t r i x .  R e c e n t l y  H e n d e r s o n  (1975b)  d e r i v e d  a m e t h o d  which  a l lows  c o m p u t i n g  t h e  i n v e r s e  of t he  
n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  i t s e l f  fo r  a l a r g e  n u m b e r  of a n i m a l s ,  p r o v i d e d  the  popu la t ion  i s  n o n - i n b r e d .  The 
m e t h o d  p r e s e n t e d  h e r e  i s  an  e x t e n s i o n  of H e n d e r s o n ' s  m e t h o d  to a l low fo r  i n b r e e d i n g  with l a r g e  n u m b e r  of  a n i -  
m a l s .  It t a k e s  i n b r e e d i n g  in to  account  and c o m p u t e s  the  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  as  well  as  i t s  i n v e r s e .  
The m e t h o d  i s  p a r t i c u l a r l y  e f f i c i en t  in  c o m p u t e r  s t o r a g e  in tha t  it a l lows  hand l ing  of s e t s  of a n i m a l s  l a r g e r  t h a n  
5000 a n i m a l s ,  and i s  a l m o s t  a s  f a s t  as  the  r e c u r s i v e  me th o d .  

I n t r o d u c t i o n  

The u s e  of t he  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  A and 

i t s  i n v e r s e  m a t r i x  A -1 in  the  p r e d i c t i o n  of b r e e d i n g  

v a l u e s  by be s t  l i n e a r  u n b i a s e d  p r e d i c t i o n  (BLUP)  h a s  

b e e n  d e s c r i b e d  by H e n d e r s o n  ( 1 9 7 5 a ) .  He p r e s e n t s  a 

m e t h o d  of c o m p u t i n g  A -1 which  app l i e s  e a s i l y  t o l a r g e  

popu l a t i ons  when i n b r e e d i n g  is i g n o r e d .  When i n b r e e d -  

ing i s  c o n s i d e r e d ,  the  m e t h o d  i s  l i m i t e d  to s m a l l  pop-  

u l a t i o n s  b e c a u s e  of t he  amoun t  of s t o r a g e  r e q u i r e d .  

The m e t h o d  p r e s e n t e d  in t h i s  p a p e r  c o m p u t e s  the  

A and  A -1 m a t r i c e s  fo r  an i n b r e d  popu la t ion  one row 

at a t i m e  so  t ha t  t he  a m o u n t  of s t o r a g e  n e e d e d  is  c o n -  

s i d e r a b l y  r e d u c e d .  With  m o d e r n  c o m p u t e r s ,  t h i s  m e t h -  

od c a n  h a n d l e  popu la t i ons  in  e x c e s s  of 5000 a n i m a l s  

i n s t e a d  of the  300 with p r e c e d i n g  m e t h o d s .  

I. C o m p u t a t i o n  of the  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  

The n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  A is  s y m m e t r i c  

and  as  de f ined  by W r i g h t  ( 1 9 2 2 ) .  A w e l l - k n o w n  r e -  

A.R.I. C o n t r i b u t i o n  No. 640 

c u r s i v e  m e t h o d  for  c o m p u t i n g  the  l o w e r  p a r t  of the  A 

m a t r i x  is  to e x p r e s s  each  e l e m e n t  a..  as  
*l 

a) aij = aji = I/2 (apj + aqj) for i >j (I) 

and 

a 

b) aii = I + ~  for i = j (2) 

where p and q are the parents of i. If p and/or q 

is unknown, the same formula is used with a . = 0 
PJ 

and/or aqj = 0. This method involves the search of 

most of the coefficients previously computed in the 

matrix. However, each off-diagonal element of the A 

matrix can be described as a linear function of previ- 

ously computed diagonal elements. 

In general neither p nor q is equal to j in the ex- 

pression of aij given by (1). Thus the recursive re- 

lation (1) can be re-applied to the terms a . and a 
PJ qJ 

and the  r e s u l t s  s u b s t i t u t e d  so tha t  a. .  i s  e x p r e s s e d  as  
U 

the  s u m of four  t e r m s .  

The t e r m s  invo lv ing  unknown p a r e n t s ,  if  any,  c an  

be  e l i m i n a t e d  s i n c e  t h e i r  va lue  i s  known to be  z e r o .  

This back  s u b s t i t u t i o n  u s ing  the  r e c u r s i v e  r e l a t i o n  i s  

c o n t i n u e d  on all r e m a i n i n g  t e r m s  which  a r e  not d i ag -  

onal. 
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At any i n t e r m e d i a t e  s t a g e  in t h i s  p r o c e s s  aij  ha s  

the  g e n e r a l  f o r m :  

ak 1 a a r ,  ~ a. .  = , + m~n . . .  + 

E 2 x 2 y 2 z 

U l t i m a t e l y  al l  t e r m s  u s e d  to e x p r e s s  ai j  a r e  d i a g -  

onal  e l e m e n t s  c o r r e s p o n d i n g  to o l d e r  a n i m a l s  t han  

a n i m a l  i .  In c o n s e q u e n c e  only  d iagona l  v a l u e s  n e e d  

be  s t o r e d  in o r d e r  to bu i ld  t he  A m a t r i x .  

This  i s  shown c l e a r l y  in t h e  e x a m p l e .  

P r o g r a m m i n g  S t r a t e g y  

F o r  c o n v e n i e n c e  c o m p u t a t i o n  i s  done a r o w  at a t i m e .  

It b e g i n s  by the  r o w  r e f e r r i n g  to t h e  o l d e s t  a n i m a l  

and ends  with  t he  r o w  r e f e r r i n g  to the  y o u n g e s t  one .  

The v a l u e s  of the  d iagona l  e l e m e n t s  a r e  p r o g e s s i v e l y  

s t o r e d  in  o r d e r  of  a n i m a l  n u m b e r .  In e a c h  r o w  all  

t e r m s  to t he  l e f t  of  t he  d iagona l  a r e  c o m p u t e d  a s  f u n c -  

t i ons  of  d iagona l  e l e m e n t s  of  p r e v i o u s  r o w s ,  by r e -  

p e a t e d  u s e  of the  p r e c e d i n g  p r o c e s s .  The d iagona l  e l e -  

m e n t  i t s e l f  i s  c o m p u t e d  u s i n g  r e l a t i o n  ( 2 ) ,  w h e r e  a 
Pq 

c o e f f i c i e n t  i s  c o n v e r t e d  to a d iagona l  f o r m ,  and s t o r e d .  

O n c e  al l  e l e m e n t s  up to t h e  d i agona l  h a v e  b e e n  c o m -  

pu ted ,  t he  r e c u r s i v e  r e l a t i o n  (1)  i s  a p p l i e d  d i r e c t l y  

to t he  r e m a i n i n g  e l e m e n t s  in t h e  r o w s ,  s i n c e  the  r e -  

q u i r e d  c o m p o n e n t s  h a v e  b e e n  compu ted  in t he  s a m e  

r o w .  

When the  c o m p u t a t i o n  of  a r o w  i s  c o m p l e t e ,  t he  

on ly  e l e m e n t  that  n e e d s  be  s a v e d  is  the  d i a g o n a l .  This  

r e d u c e s  t he  r e q u i r e d  s t o r a g e  f r o m  one  of o r d e r  N 2 

f o r  a p o p u l a t i o n  of  s i z e  N to one  tha t  i s  a l i n e a r  f u n c -  

t i on  of  N. 

II.  C o m p u t a t i o n  of  an  I n t e r m e d i a t e  T r i anGu la r  M a t r i x  

H e n d e r s o n  (1975b)  d e r i v e d  a m e t h o d  f o r  c o m p u t i n g  

the  i n v e r s e  of  the  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  w i t h -  

out  c a l c u l a t i n g  the  m a t r i x .  

If i n b r e e d i n g  i s  t a k e n  in to  a c c o u n t ,  t he  m e t h o d  i s  

l i m i t e d  in tha t  l a r g e  m a t r i c e s  h a v e  to be  s t o r e d .  This  

l i m i t a t i o n  c a n  be  e f f i c i e n t l y  r e d u c e d  by app ly ing  the  

s a m e  s t r a t e g y  as  tha t  d e s c r i b e d  a b o v e  f o r  c o m p u t i n g  

the  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  i t s e l f .  

A c c o r d i n g  to H e n d e r s o n  the  A m a t r i x  c a n  be  w r i t -  

t en  a s :  

A = L L  1 

w h e r e  L is  a l o w e r  t r i a n g u l a r  m a t r i x  and L 1 the  

t r a n s p o s e  of  L. 

E a c h  e l e m e n t  of  t he  m a t r i x  L c a n  be e x p r e s s e d  a s :  

a) l i j  : 1 / 2 ( l p j  + lq j )  fo r  i > j  (3)  

w h e r e  p and q a r e  t he  p a r e n t s  of  i and lpj  = 0 if  

j > p ,  lqj  = 0 i f  j > p  

y i - ~  l lk  2 
b) l i i  = a i i  - f o r  i = j (4)  

k=l 

w h e r e  a i i  i s  t he  d iagona l  of  t he  A m a t r i x  f o r  a n i m a l  

i -1  
i ,  ~ l ik  2 i s  t he  s u m  of t he  s q u a r e s  of  t he  o f f - d i a g -  

k=l 

onal  t e r m s  of  L f o r  the  r o w  i .  

E a c h  o f f - d i a g o n a l  e l e m e n t  1.. c a n  be  e x p r e s s e d  as  
U 

the  p roduc t  of l i j  by a s c a l a r .  This  i s  shown  by us ing  

r e l a t i o n  (3) r e p e a t e d l y  on all  n o n - z e r o  o f f - d i a g o n a l  

t e r m s  o c c u r r i n g  in t he  e x p r e s s i o n  of  1... 1j 
It i s  thus  p o s s i b l e  to c o m p u t e  e v e r y  o f f - d i a g o n a l  

e l e m e n t  of  the  m a t r i x  L when  the  p r e v i o u s  d iagona l  

v a l u e s  of  L h a v e  b e e n  s t o r e d  ( s e e  e x a m p l e ) .  

P r o g r a m m i n g  S t r a t e g y  

F o r  e a c h  r o w  of the  L m a t r i x :  

a) the  o f f - d i a g o n a l  t e r m s  ( f i r s t  i-1 t e r m s )  a r e  c o m -  

pu ted  f r o m  d iagona l  e l e m e n t s  tha t  w e r e  d e r i v e d  p r e -  

v i o u s l y  and s a v e d ;  

b) the  d i agona l  t e r m  i s  c o m p u t e d  u s i n g  the  o t h e r t e r m s  

of  the  s a m e  r o w  and the  d iagona l  e l e m e n t  of  t he  m a t r i x  

A .  

This  m e a n s  that  t he  m a t r i x  L c a n  be  c o m p u t e d  a 

r o w  at a t i m e ,  p r o v i d e d  the  d iagona l  of  t he  A m a t r i x  

has  b e e n  s a v e d .  This  p r o c e s s  i s  shown  in  t he  e x a m p l e .  

III.  C o m p u t a t i o n  of  t he  I n v e r s e  of  t he  R e l a t i o n s h i p  

M a t r i x  

The s o l u t i o n  of  t h e  L m a t r i x  l e a d s  q u i c k l y  to t he  A -1 

m a t r i x .  A g a i n  f o l l o w i n g  H e n d e r s o n ' s  m e t h o d :  
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Let L = TD t h e n  

a -1 = ( T - l )  1 ( D - l )  2 (T -1 )  

D i s  a d i agona l  m a t r i x  wi th  e l e m e n t s  t he  s a m e  as  t he  

d i agona l  e l e m e n t s  of  L. 

T-  1 i s  a l o w e r  t r i a n g u l a r  m a t r i x  wi th  s p e c i f i c  v a l -  

u e s  so  tha t  in r o w  i :  

a) t he  d i agona l  i s  equa l  to 1; 

b) a l l  o f f - d i a g o n a l  e l e m e n t s  a r e  null  e x c e p t  t h o s e  fo r  

t h e  p a r e n t s  of  i wh ich  a r e  equa l  to - 1 / 2 .  
1 Let W -1  = {tij) and ( D - l )  2 = I~-T} t h e n  

N a-. 1 
= ~ tki tk~s k j  w h e r e  m - - m a x ( i , j )  and N i s  t he  1J 

k=m 

to ta l  n u m b e r  of  a n i m a l s  in t he  p o p u l a t i o n .  

P r o g r a m m i n g  S t r a t e g y  

S e v e r a l  s t r a t e g i e s  migh t  be  u s e d  to bu i ld  t he  t e r m s  of  

the  A "1 m a t r i x .  The f o l l o w i n g  a l l o w s  one :  

a) to c o m p u t e  e a c h  t e r m  i n d e p e n d e n t l y  

b) to a v o i d  c o m p u t a t i o n s  i n v o l v i n g  z e r o  t e r m s .  

A l i s t  i s  m a d e  f o r  e a c h  a n i m a l  that  g i v e s  i t s  n u m -  

b e r  t o g e t h e r  wi th  the  i d e n t i f i c a t i o n  n u m b e r s  of i t s  d i -  

r e c t  o f f s p r i n g  ( s o n s  a n d / o r  d a u g h t e r s ) .  In o r d e r  to 
-1  

c o m p u t e  t he  t e r m  a. .  t he  l i s t s  f o r  a n i m a l  i and f o r  
D 

a n i m a l  j a r e  c o m p a r e d  in  t he  fo l l owing  m a n n e r .  If 

any e l e m e n t  k of  t he  l i s t  f o r  a n i m a l  i a l s o  e x i s t s  in  

t he  l i s t f o r  a n i m a l  j ,  t h e n  the  t e r m  t k i t k i s  k i s  not 

z e r o  and c o n t r i b u t e s  to t h e  f o r m a t i o n  of  a.". 1 ( e i t h e r  i lj 
and  j a r e  p a r e n t s  of  k, o r  one  i s  k i t s e l f  and the  o t h -  

e r  a p a r e n t  of  k, o r  both  a r e  k ) .  F u r t h e r ,  t h i s  t e r m  

c a n  on ly  h a v e  one  of  t h e  f o l l o w i n g  t h r e e  v a l u e s :  

S k / 4  if  k > i  > j  s i n c e  tki  = - 1 / 2 ,  tkj = - 1 / 2  

- S k / 2  i f  k = i > j  s i n c e  tki  = 1, tkj = - 1 / 2  

s k of  k = i = j s i n c e  tki  = 1, tkj  = 1 

E a c h  t e r m  of t he  l i s t  i i s  c o m p a r e d  in t h i s  m a n n e r  to 

e a c h  t e r m  of  t h e  l i s t  j .  Al l  n o n - z e r o  t e r m s  o c c u r r i n g  
-1  in t h e s e  c o m p a r i s o n s  a r e  added  to g i v e  ai j  . The p r o -  

c e s s  a l l o w s  f o r m i n g  e a c h  t e r m  of t h e  A -1  m a t r i x  i n -  

d e p e n d e n t l y  of  o t h e r  t e r m s  ( s e e  e x a m p l e )  and c o m -  

p l e t e s  t h e  m e t h o d  f o r  c o m p u t i n g  t h e  i n v e r s e  of  t he  

n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  in  t he  p r e s e n c e  of  i n -  

b r e e d i n g .  

IV. C o m p u t e r  P r o G r a m s  

C o m p u t e r  p r o g r a m s  a r e  a v a i l a b l e  to c o m p u t e  t he  n u -  

m e r a t o r  r e l a t i o n s h i p  m a t r i x  and i t s  i n v e r s e  by t h e  

m e t h o d  d e s c r i b e d  in t h i s  p a p e r .  They a r e  d e v i s e d  s p e -  

c i f i c a l l y  to t a k e  i n b r e e d i n g  into  a c c o u n t .  F o u r  p r o -  

g r a m s  h a v e  b e e n  w r i t t e n  depend ing  on the  u s e r ' s  n e e d s  

and the  i n f o r m a t i o n  a v a i l a b l e  in t he  p e d i g r e e :  

1) c o m p u t a t i o n  of  t he  r e l a t i o n s h i p  m a t r i x  i t s e l f ,  and,  

i f  d e s i r e d ,  of  i t s  i n v e r s e ;  

2) s a m e  as  (1)  wi th  m a t e r n a l  g r a n d  s i r e s  i n s t e a d  of  

d a m s  in t h e  p e d i g r e e ;  

3) c o m p u t a t i o n  of t he  i n v e r s e  m a t r i x  on ly  ( f a s t  v e r -  

s ion )  ; 

4) s a m e  as  (3)  wi th  m a t e r n a l  g r a n d  s i r e s  i n s t e a d  of  

d a m s  in t he  p e d i g r e e .  

These  p r o g r a m s  a r e  a l m o s t  a s  f a s t  a s  t h o s e  that  

c o m p u t e  A -1  wi thout  i n b r e e d i n g .  They a r e  w r i t t e n  in 

F O R T R A N  and h a v e  b e e n  t e s t e d  to 5000 a n i m a l s .  

V. E x a m p l e  

P e d i g r e e  t a b l e  f o r  7 a n i m a l s  

Ind iv idua l  S i r e  D a m  

1 04 04 
2 04 04 
3 1 04 
4 1 2 
5 3 4 
6 1 4 
7 5 6 

4 Unknown parent 

1. C o m p u t a t i o n  of  t h e  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  

A s s u m e  r o w s  1 to 5 h a v e  b e e n  c o m p u t e d  p r e v i o u s l y  

E l e m e n t s  a l l ,  a22,  a33,  a44,  a55 h a v e  b e e n  s a v e d .  

An o f f - d i a g o n a l  e l e m e n t  in r o w  6 i s  d e r i v e d  f r o m  

the  p e d i g r e e  t a b l e  by u s i n g  r e l a t i o n  (1) r e p e a t e d l y ,  

as  shown  f o r  e l e m e n t  a65:  

a65 = 1 / 2 ( a 1 5 + a 4 5 )  

= 1 / 4 ( ( a 3 1 + a 4 1 ) + ( a 3 4 + a 4 4  ))  

= 1 / 8 ( ( a 1 1 + a 0 1 ) + ( a 0 1 + a 2 1 ) + ( a 1 3 + a 2 3  ) ) + 1 / 4 a 4 4  

= 1 / 8 ( a 1 1 + a 1 1 ) + l / 1 6 ( ( a 0 1 + a 0 1 ) + ( a 1 1 + a 0 1  )+ 

( a12+ a02 ) ) + 1 / 4 a 4 4  

= 1 / 4 a 1 1 + l / 1 6 a 1 1 +  1 /32  (a01+a01)  +a44 

= 5 / 1 6 a 1 1 + 1 / 4 a 4 4  = 9 /16  = 0 . 5 6 2 5  
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N u m e r a t o r  r e l a t i o n s h i p  m a t r i x  A 

1 2 3 4 5 6 7 

1 1 .00000  0 . 0 0 0 0 0  0 . 5 0 0 0 0  0 . 5 0 0 0 0  0 . 5 0 0 0 0  0 . 7 5 0 0 0  0 . 6 2 5 0 0  
2 0 . 0 0 0 0 0  1 .00000  0 . 0 0 0 0 0  0 . 5 0 0 0 0  0 . 2 5 0 0 0  0 . 2 5 0 0 0  0 .25000  
3 0 . 5 0 0 0 0  0 .00000  1 .00000  0 .25000  0 . 6 2 5 0 0  0 .37500  0 .50000  
4 0 . 5 0 0 0 0  0 .50000  0 .25000  1 .00000  0 . 6 2 5 0 0  0 . 7 5 0 0 0  0 .68750  
5 0 .50000  0 .25000  0 .62500  0 .62500  1 .12500  0 .56250  0 .84375  
6 0 .75000  0 . 2 5 0 0 0  0 . 3 7 5 0 0  0 . 7 5 0 0 0  0 .56250  1 .25000  0 .90625  
7 0 . 6 2 5 0 0  0 .25000  0 .50000  0 .68750  0 .84375  0 .90625  1 .28125  

T r i a n g u l a r  m a t r i x  L fo r  c o m p u t i n g  A -1 

1 2 3 4 5 6 7 

1 1.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 
2 0 .000000  1 .000000  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 .000000  
3 0 .500000  0 .000000  0 .866025  0 .000000  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  
4 0 .500000  0 .500000  0 .000000  0 .707107  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 .000000  
5 0 . 5 0 0 0 0 0  0 .250000  0 .433013  0 .353553  0 .707107  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  
6 0 .750000  0 .250000  0 .000000  0 .353553  0 .000000  0 .707107  0 .000000  
7 0 .625000  0 .250000  0 .216506  0 .353553  0 .353553  0 .353553  0 .637378  

The d i agona l  e l e m e n t  of  r o w  6 is  d e r i v e d  by u s i n g  

r e l a t i o n  ( 2 ) ,  t h e n  r e l a t i o n  (1) r e p e a t e d l y :  

a66 = 1+1 /2a14  

l + l / 2 ( a 1 1 + a 2 1 )  

1 + l / 4 a 1 1 + l / 8 ( a o l + a 0 1 )  

1 + 1 / 4 a l l  = 5 / 4  = 1 .250  

Note  tha t  a = 0 i f  r = 0 o r  c = O. 
r e  

2. C o m p u t a t i o n  of  the  t r i a n g u l a r  m a t r i x  L 

When  s t a r t i n g  r o w  5, t he  d iagona l  e l e m e n t s  of  t he  

m a t r i x  A h a v e  b e e n  s a v e d  as  we l l  a s  e l e m e n t s  111 , 

122 , 133 , 144 of  t h e  m a t r i x  L. The u se fu l  i n f o r m a t i o n  

c a n  be  s t o r e d  in a v e c t o r :  (111, 122, 133, 144, a55,  

a66,  a77) -  
The c o m p u t a t i o n  of  an o f f - d i a g o n a l  e l e m e n t  i s  f o r  

i n s t a n c e :  

151 = I/2 (131-141) 

= 1/4(141+i01+111+121 ) 

= 1 /2  111+1/8(101+101 ) = (1 /2 )111  = 0 . 5  

The d iagona l  e l e m e n t  i s :  

155 = V a 5 5 - ( 1 5 1 ) 2 + ( 1 5 2 ) 2 + ( 1 5 3 ) 2 + ( 1 5 4  )2 = O. 707 

3. C o m p u t a t i o n  of  t he  i n v e r s e  of  t he  n u m e r a t o r  r e l a -  

t i o n s h i p  m a t r i x  

P r o g e n y  t a b l e  

A n i m a l  P r o g e n y  

1 3, 4, 6 
2 4 
3 5 
4 5 , 6  
5 7 
6 7 
7 

1 
F o r  i n s t a n c e  the  c o m p u t a t i o n  of  e l e m e n t  a4~ of  A -1 

wou ld  be :  

l i s t  4 = 4, 5, 6 

l i s t  3 = 3, 5 

The on ly  e l e m e n t  c o m m o n  to l i s t  4 and l i s t  3 i s  5. 

= 1 / 4  (d5)2  = 0 . 5  s i n c e  5 Then a43 = t54 t53d  5 > 4  > 3 .  
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I n v e r s e  of  t he  n u m e r a t o r  r e l a t i o n s h i p  m a t r i x  A -1 

1 2 3 4 5 6 7 

1 2.333333 0.500000 -.666667 -.500000 0.000000 -I.000000 0.000000 
2 0 . 5 0 0 0 0 0  1 .500000  0 . 0 0 0 0 0 0  - 1 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 .000000  
3 - . 6 6 6 6 6 7  0 . 0 0 0 0 0 0  1 .833333  0 . 5 0 0 0 0 0  - 1 . 0 0 0 0 0 0  0 .000000  0 . 0 0 0 0 0 0  
4 - . 5 0 0 0 0 0  - 1 . 0 0 0 0 0 0  0 . 5 0 0 0 0 0  3 .000000  - 1 . 0 0 0 0 0 0  - 1 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  
5 0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  - 1 . 0 0 0 0 0 0  - 1 . 0 0 0 0 0 0  2 . 6 1 5 3 8 4  0 . 6 1 5 3 8 4  - 1 . 2 3 0 7 6 7  
6 - 1 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  - 1 . 0 0 0 0 0 0  0 . 6 1 5 3 8 4  2 . 6 1 5 3 8 4  - 1 . 2 3 0 7 6 7  
7 0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  - 1 . 2 3 0 7 6 7  - 1 . 2 3 0 6 7 7  2 . 4 6 1 5 3 4  
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